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Nonlinear analysisAbstract The present research focuses on the three-dimensional flow of viscoelastic fluid in the
presence of Soret and Dufour effects. Effects of thermophoresis and Brownian motion are taken
into account. Appropriate similarity transformations lead to nonlinear ordinary differential equa-
tions. Solution expressions of velocity, temperature and nanoparticle concentration are computed
via homotopy analysis method (HAM). Convergence of obtained solutions is analyzed graphically
and numerically. Results are plotted and analyzed for the dimensionless velocities, temperature and
nanoparticle concentration. Values of local Nusselt and Sherwood numbers are examined through
tabular form. It is observed that Temperature field is enhanced for the larger Brownian motion
parameter and an increase in Dufour number gives rise to the temperature and thermal boundary
layer thickness.
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Heat transfer mechanism has an important role in many
engineering and industrial fields because cooling and heating
processes are involved in such fields. An increase in heat trans-
fer rate is quite essential. It reduces the process time of work
and length of the work life of equipment. Various methods
are proposed in the past to increase the heat transfer efficiency
rate. Some methods involve extended surfaces, applications
of vibration to the heat transfer surfaces and usage ofmicro-channels is studied by Kwak and Kim [1]. There is
another method to increase the heat transfer efficiency by
increasing the thermal conductivity of the working fluids as
mentioned by Ramzan [2]. Most commonly used working
fluids such as water, engine oil, and ethylene glycol have
lower thermal conductivity compared to the thermal conduc-
tivity of solids. Solids of higher thermal conductivity can be
utilized to increase the thermal conductivity of the base fluid
by emerging small solid particles in the fluid. Emerging of such
particles in the base fluid is known as nanofluid. Such fluids
have several applications in biomedical and engineering
applications in cooling, cancer therapy and process industries.
A tremendous work on nanofluids can be seen in Refs.
[3–12].
The boundary layer flow over a continuously stretching
surface is commonly encountered in various industrial and
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extrusion of plastic sheets and materials traveling between a
windup roll and feed roll. Numerous studies have been done
on the two-dimensional boundary layer flow over a stretching
surface. Not much attention is paid to three-dimensional
boundary layer flow induced by stretching surface. Wang
[13] was the first who investigated the three-dimensional
boundary layer flow of viscous fluid over a bidirectional
stretching surface and provided exact solution. Later on Ariel
[14] constructed the homotopy perturbation solution of Wang
[13] flow problem. Hayat et al. [15] computed the series solu-
tions of three-dimensional of an Oldroyd-B fluid in the pres-
ence of convective boundary conditions. Hydromagnetic flow
of Maxwell fluid induced by a bidirectional stretching surface
with variable thermal conditions is investigated by Shehzad
et al. [16]. Ahmad et al. [17] studied the hydromagnetic flow
of three-dimensional viscous fluid in the presence of heat gen-
eration/absorption. Some useful studies may be found through
[18–20].
In all the abovementioned studies, the influences of Soret
and Dufour effects are not addressed because they have smaller
order of magnitude than the effects described by Fourier’s and
Fick’s laws. Eckert and Drake [21] investigated that there are
several cases where such effects cannot be neglected. Soret
and Dufour effects are important for the fluids which have light
molecular weight or medium molecular weight. Turkyilma-
zoglu and Pop [22] discussed the Soret and heat source effects
on unsteady radiative flow of viscous fluid induced by an impul-
sively started infinite vertical plate. Combined effects of partial
slip, thermal diffusion and diffusion thermo, in steady flow of
viscous fluid generated by a rotating disk were examined by
Rashidi et al. [23]. Alsaedi et al. [24] analyzed the Soret and
Dufour effects on two-dimensional boundary layer flow of sec-
ond grade fluid over a stretching surface. Stagnation point flow
of Jeffery fluid induced by a convectively heated sheet under
Soret and Dufour effects is addressed by Shehzad et al. [25].
The aim of the present work is to study the effects of
Soret and Dufour on the boundary layer flow of viscoelastic
fluid in the presence of nanoparticles and chemical reaction.
No such analysis is provided in the literature. We used homo-
topy analysis method (HAM) [26–33] to discuss the solution of
velocities, temperature and nanoparticle concentration. The
heat transfer rate and nanoparticles concentration transfer rate
at the walls are computed numerically.
2. Mathematical formulation
We consider the three-dimensional flow of an incompressible
viscoelastic nanofluid over a stretching surface at z ¼ 0. The
motion in fluid is induced due to the stretching of surface. The
heat and nanoparticle mass transfer characteristics have been
considered when both Soret and Dufour effects are present.
The continuity, momentum, energy and nanoparticle concen-
tration equations for the boundary layer flow are given below:
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where u, v and w denote the velocity components in the x; y
and zdirections, respectively, m ¼ lq the kinematic viscosity, K
the material fluid parameter, C the concentration of the
nanoparticles species, DB the Brownian diffusion coefficients,
K1 the reaction rate, kT the thermal diffusion, T the tempera-
ture, Cq the specific heat, Cs the concentration susceptibility,
am the thermal diffusivity, and Tm the fluid mean temperature.
The boundary conditions for the present flow analysis can
be written as
u ¼ uwðxÞ ¼ ax; v ¼ vwðyÞ ¼ by; w ¼ 0;
T ¼ Tw; C ¼ Cw at z ¼ 0; ð6Þ
u! 0; v! 0; @u
@z
! 0; @v
@z
! y; T! T1;
C! C1 at z!1; ð7Þ
where Cw denotes the nanoparticles concentration at the sur-
face, C1 is the nanoparticle concentration far away from the
sheet, Tw is the surface temperature and T1 is the temperature
far away from the surface. Using
g¼
ﬃﬃﬃ
a
m
r
z; u¼axf 0ðgÞ; v¼ayg0ðgÞ;
w¼ ﬃﬃﬃﬃﬃamp fðgÞþgðgÞf g; /ðgÞ¼ CC1
CwC1 ; hðgÞ¼
TT1
TwT1 : ð8Þ
Eq. (1) is identically satisfied while Eqs. (2)–(7) are reduced
to
f 000  f 0ð Þ2 þ fþ gð Þf 00 þ K0 fþ gð Þf 0000

þð f 00  g 00Þf 00  2ð f 0 þ g0Þf 000Þ ¼ 0; ð9Þ
g000  g0ð Þ2 þ fþ gð Þg00 þ K0 fþ gð Þg0000

þð f 00  g00Þg00  2ð f 0 þ g0Þg000Þ ¼ 0; ð10Þ
h00 þ Pr ð fþ gÞh0 þ Nth0 þNb/0ð Þh0 þDu/00ð Þ ¼ 0; ð11Þ
/00 þ PrLe ð fþ gÞ/0  c/þ Srh00ð Þ þ Nt
Nb
 
h00 ¼ 0; ð12Þ
fð0Þ ¼ 0; gð0Þ ¼ 0; f 0ð0Þ ¼ 1; g0ð0Þ ¼ c;
hð0Þ ¼ 1; /ð0Þ ¼ 1;
f 0ð1Þ ! 0; f 00ð1Þ ! 0; g0ð1Þ ! 0;
g00ð1Þ ! 0; hð1Þ ! 0; /ð1Þ ! 0: ð13Þ
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prime is the differentiation with respect to g and the constant
a > 0 and b > 0. Furthermore Leand Pr are the Lewis and
Prandtl numbers, respectively, Nt and Nb are the Brownian
motion and thermophoresis parameters respectively, c is the
chemical reaction parameter, Du is the Dufour number and
Sr is the Soret number, which are defined below:
c¼ b
a
; Le¼ a=DB; c¼K1
a
; Nb¼ sDBðCwC1Þm ; Pr¼
m
am
;
Nb¼ sDTðTwT1ÞmT1 ; Du¼
DkT
CsCq
CwC1ð Þ
TwT1ð Þm ; Sr¼
DkT
mTm
TwT1ð Þ
CwC1ð Þ :
ð14Þ
We point out that the two dimension (g ¼ 0) case has been
recovered for c ¼ 0. For c ¼ 1, we obtain axisymmetric case,
i.e. f ¼ gð Þ. The Local Nusselt and Sherwood numbers are
Nux ¼ 
x @T
@z
 
z¼0
ðTw  T1Þ ; Shx ¼ 
x @C
@z
 
z¼0
ðCw  C1Þ : ð15Þ
Dimensionless forms of local Nusselt and Sherwood num-
bers are as follows:
NuxRe
1=2
x ¼ h0ð0Þ; ShRe1=2x ¼ /0ð0Þ; ð16Þ
where Rex ¼ ux=m is the local Reynolds number.
3. Homotopic solutions
Homotopy analysis method requires initial guesses
f0; g0; h0;/0ð Þ and linear operators Lf;Lg;Lh;L/
 
in the forms
f0ðgÞ ¼ 1 exp gð Þ; g0ðgÞ ¼ c 1 exp gð Þð Þ;
h0ðgÞ ¼ exp gð Þ; /0ðgÞ ¼ exp gð Þ: ð17Þ
The auxiliary linear operators are chosen as
LfðgÞ ¼ d
3f
dg3
 df
dg
; LgðgÞ ¼ d
3g
dg3
 dg
dg
;
LhðgÞ ¼ d
2h
dg2
 h; L/ðgÞ ¼ d
2/
dg2
 /: ð18Þ
The auxiliary linear operators have the following
properties:
Lf C1 þ C2 expðgÞ þ C3 expðgÞ½  ¼ 0; ð19Þ
Lg C4 þ C5 expðgÞ þ C6 expðgÞ½  ¼ 0; ð20Þ
Lh C7 expðgÞ þ C8 expðgÞ½  ¼ 0; ð21Þ
L/ C9 expðgÞ þ C10 expðgÞ½  ¼ 0; ð22Þ
where Ci i ¼ 1 10ð Þ are the arbitrary constants. The zeroth
and mth order deformation problems are stated below.
3.1. Zeroth-order deformation problems
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For p ¼ 0 and p ¼ 1, we have
314 M. Ramzan et al.bf g; 0ð Þ ¼ f0ðgÞ; bf g; 1ð Þ ¼ fðgÞ; ð35Þbg g; 0ð Þ ¼ g0ðgÞ; bg g; 1ð Þ ¼ gðgÞ; ð36Þbh g; 0ð Þ ¼ h0ðgÞ; bh g; 1ð Þ ¼ hðgÞ; ð37Þb/ g; 0ð Þ ¼ /0ðgÞ; b/ g; 1ð Þ ¼ /ðgÞ; ð38Þ
and when p increases from 0 to 1, bfðg; pÞ; bgðg; pÞ; bhðg; pÞ andb/ðg; pÞ deform from g0ðgÞ; f0ðgÞ; h0ðgÞ and /0ðgÞ to
f gð Þ; gðgÞ; hðgÞ and /ðgÞ, respectively. Expandingbfðg; pÞ; bgðg; pÞ; bhðg; pÞ and b/ðg; pÞ, we have
bfðg; pÞ ¼ f0ðgÞ þX1
m¼1
fmðgÞpm; ð39Þ
bgðg; pÞ ¼ g0ðgÞ þX1
m¼1
gmðgÞpm; ð40Þ
bhðg; pÞ ¼ h0ðgÞ þX1
m¼1
hmðgÞpm; ð41Þ
b/ðg; pÞ ¼ /0ðgÞ þX1
m¼1
/ðgÞpm: ð42ÞFigure 2 h curve of g.3.2. mth-order deformation problems
The subjected problems at the mth order are given by
Lf fmðgÞ  vmfm1ðgÞ½  ¼ hfR fmðgÞ; ð43Þ
Lg gmðgÞ  vmgm1ðgÞ½  ¼ hgR gmðgÞ; ð44Þ
Lh hmðgÞ  vmhm1ðgÞ½  ¼ hhRhmðgÞ; ð45Þ
L/ /mðgÞ  vm/m1ðgÞ½  ¼ h/R/mðgÞ; ð46Þ
fmð0Þ ¼ f 0mð0Þ ¼ f 0mð1Þ ¼ f 00m ð1Þ ¼ 0; ð47Þ
gmð0Þ ¼ g0mð0Þ ¼ g0mð1Þ ¼ g00mð1Þ ¼ 0; ð48Þ
hmð0Þ ¼ hmð1Þ ¼ 0; ð49Þ
/mð0Þ ¼ /mð1Þ ¼ 0; ð50ÞFigure 1 h curve of f.R fmðgÞ¼ f 000m1þ
Xm1
k¼0
fm1kþgm1kð Þf 00k  f 0m1k f 0k
þK0
fm1kþgm1kð Þf ivk
þ f 00m1kg00m1k
 
f 00k
2 f 0m1kg0m1k
 
f 000k
8><>:
9>=>;
26664
37775; ð51ÞFigure 3 h curve of h.
Figure 4 h curve of /.
Table 1 Convergence of series solutions for different order of
approximations when K0 ¼ 0:1;Du ¼ 0:1; c ¼ 0:4;Pr ¼ 1;Nt ¼
0:1; c ¼ 0:1;Le ¼ 1, Nb ¼ 0:2, and Sr ¼ 0:01.
Order of approximations f 00ð0Þ g00ð0Þ h0ð0Þ /0ð0Þ
1 1.0627 0.082267 0.62667 0.90533
4 1.0869 0.068139 0.47381 0.88210
6 1.0875 0.066931 0.45356 0.88899
10 1.0877 0.066640 0.45406 0.88901
12 1.0877 0.066613 0.45287 0.88901
25 1.0877 0.066611 0.45111 0.88901
30 1.0877 0.066611 0.45111 0.88901
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 
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0
k

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
Pr Nb
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/0m1kh
0
k þNt
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0
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 !
þ PrDu
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/00m1; ð53Þ
R/mðgÞ ¼ /00m1  PrLec/m1 þ PrLe
Xm1
k¼0
fm1k/
0
k  gm1k/0k
 
þ PrLeSrh00m1 þ
Nt
Nb
h00m1 ð54ÞTable 2 Numerical values of Sherwood number Shx=Re
1=2
x and Nu
K0 Du c Pr Nt c
0.1 0.1 0.4 1 0.1 0.1
0.2
0.3
0.2
0.3
0.3
0.4
0.5
0.9
1
1.1
0.2
1
0.2
0.3vm ¼
0;m 6 1
1;m > 1


: ð55Þ
The final solutions can be written in the following forms:
fmðgÞ ¼ f Hm ðgÞ þ A1 þ A2eg þ A3eg; ð56Þ
gmðgÞ ¼ gHmðgÞ þ A4 þ A5eg þ A6eg; ð57Þ
hmðgÞ ¼ hHmðgÞ þ A7eg þ A8eg; ð58Þ
/mðgÞ ¼ /HmðgÞ þ A9eg þ A10eg; ð59Þ
where fm; g

m; h

m; and /

m denote the special solution.
4. Convergence analysis
To find the meaningful series solutions of velocities, tempera-
ture and nanoparticle concentration equations, the conver-
gence region is essential to determine. Convergence region of
the series solutions depends upon the auxiliary parameter h.
Therefore we have plotted the h-curves in Figs. 1–4. The
appropriate ranges of the auxiliary parameters hf; hg; hh and
h/ are 2 6 hf 6 0:4;2 6 hg 6 0:7;1:5 6 hh 6 0:8
and 1:5 6 h/ 6 0:4.
5. Results and discussion
The basic theme of this section is to examine the influences of
physical parameters on the physical quantities, dimensionless
velocities, temperature and nanoparticles concentration.
Table 1 gives the numerical values of f 00ð0Þ; g00ð0Þ; h0ð0Þ and
/0ð0Þ at different order of HAM approximations. Here we
noted that the values of f 00ð0Þ and /0ð0Þ converge from 10-th
order of approximations while the values of g00ð0Þ and h0ð0Þ
converge from 25-th order of HAM deformations. Here wesselt number Nux=Re
1=2
x for different parameters.
Le Nb Sr h0ð0Þ /0ð0Þ
1 0.2 0.01 0.45100 0.88901
0.44000 0.88150
0.42536 0.87271
0.39300 0.88881
0.33463 0.88859
0.45960 0.82776
0.45100 0.88901
0.44714 0.94594
0.43348 0.83822
0.45100 0.88901
0.47008 0.93739
0.43111 0.88569
0.30061 0.84119
0.47805 0.91000
0.50061 0.92967
0.9 0.45846 0.83819
1 0.45100 0.88901
1.1 0.44764 0.93743
0.1 0.48290 0.88631
0.2 0.45100 0.88901
0.3 0.42483 0.88990
0.01 0.45100 0.88901
0.02 0.45341 0.88601
0.99 0.48293 0.59573
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Figure 5 Influence of K0 on f
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Figure 8 Influence of K0 on /.
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Figure 6 Influence of K0 on g
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Figure 7 Influence of K0 on h.
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Figure 9 Influence of c on f 0.
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Figure 10 Influence of c on g0.
316 M. Ramzan et al.concluded that 25-th order HAM deformations are essential
for the convergent solutions. Table 2 shows the numerical val-
ues of local Nusselt number h0ð0Þ and local Sherwood num-
ber /0ð0Þ for various values of K0;Du; c;Pr, Nt; c;Le;Nb and
Sr. We noted that the values of local Nusselt and Sherwood
numbers are decreased with an increase in K0;Du and Nt while
these values are enhanced for the larger values of Pr and c.
Figs. 5 and 6 show the behaviors of K0 on the dimensionless
velocities field f 0ðgÞ and g0ðgÞ. From these figures we examinethat the velocities f 0ðgÞ and g0ðgÞ are decreased for the increas-
ing values of K0. An increase in K0 leads to stronger viscoelas-
ticity which resists the fluid flow due to which the fluid
velocities are reduced. The influence of K0 on the temperature
hðgÞ and nanoparticles concentration /ðgÞ is studied in Figs. 7
and 8. It is seen that both the temperature and nanoparticle
concentration are enhanced when we increase the values of
K0. From Figs. 9 and 10, we observed that the velocity f
0ðgÞ
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Figure 11 Influence of c on h.
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Figure 14 Influence of Nt on /.
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Figure 12 Influence of c on /.
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Figure 13 Influence of Nt on h.
0 1 2 3 4 5 6 7
0.2
0.4
0.6
0.8
1.0
Figure 15 Influence of Le on /.
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Figure 16 Influence of Pr on h.
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increase in the ratio parameter c.
The effects of chemical reaction parameter c on the temper-
ature and nanoparticle concentration are analyzed in Figs. 11
and 12. We have seen that the temperature, nanoparticle con-
centration and their associated boundary layer thicknesses are
decreasing functions of chemical reaction parameters. Figs. 13
and 14 are stretched to examine the change in the temperature
and nanoparticle concentration corresponding to differentvalues of thermophoresis parameter Nt. The larger values of
thermophoresis parameter lead to an enhancement in thermal
and nanoparticle concentration boundary layer thicknesses.
Fig. 15 presents that the larger values of Lewis number Le
correspond to a reduction in the nanoparticles concentration.
Here the Lewis number is inversely proportional to the
Brownian diffusion coefficient. Larger Lewis number implies
to weaker Brownian diffusion coefficient due to which the
nanoparticle concentration is decreased. The variations in
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Figure 17 Influence of Pr on /.
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Figure 20 Influence of Nb on h.
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Figure 18 Influence of Du on h.
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Figure 19 Influence of Sr on /.
318 M. Ramzan et al.the temperature and nanoparticle concentration for different
values of Prandtl number Pr are examined in Figs. 16 and
17. An increase in Prandtl number leads to the reduction in
the temperature and nanoparticle concentration. Prandtl num-
ber is strongly dependent on thermal diffusivity of fluid. Lar-
ger Prandtl number fluid has weaker thermal diffusivity.
Such weaker thermal diffusivity is responsible for a reduction
in temperature and nanoparticle concentration. Figs. 18 and
19 clearly show that the effect of Dufour and Soret numberson both the temperature and nanoparticle concentration is
similar. Here temperature and nanoparticle concentration are
increasing functions of Du and Sr. From Fig. 20, one can see
that the temperature is enhanced when we increase the values
of Brownian motion parameter Nb.
6. Conclusion
We started the three-dimensional boundary layer flow of vis-
coelastic fluid under Soret-Dufour and nanoparticles effects
over a stretching surface. The main points of this investigation
are as follows:
 The convergent series solutions are obtained by computing
25-th order HAM deformations.
 The values of local Nusselt and Sherwood numbers are
quite reverse for the increasing values of Le and Sr.
 Temperature and nanoparticles concentration are enhanced
with an increase in thermophoresis parameter.
 Nanoparticle concentration field is a decreasing function of
Lewis number Le.
 An increase in Dufour number gives rise to the temperature
and thermal boundary layer thickness.
 Temperature field is enhanced for the larger Brownian
motion parameter.
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